Equivalence between Gravitational Mass and Energy for a Quantum Body at a 

Macroscopic Level 
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We define passive gravitational mass operator of tlie simplest composite quantum body - a hy- 
drogen atom - to be proportional to its weight operator in a weak gravitational field. Although it 
does not commute with energy operator, taken in the absence of the field, the equivalence between 
the expectation value of passive gravitational mass and energy is shown to survive for stationary 
quantum states. All the so-called relativistic corrections to electron energy in a hydrogen atom are 
taken into account in the calculations. 
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Formulation of a successful quantum gravitational the- 
ory is considered to be one of the most important prob- 
lems in physics and the major step tovifards the so-called 
" Theory of Everything" . On the other hand, fundamen- 
tals of general relativity and quantum mechanics are so 
different that it is possible that these two theories will 
not be united in the feasible future. In this difficult situ- 
ation, it seems to be important to suggest a combination 
of quantum mechanics and some non-trivial approxima- 
tion of general relativity. In particular, this is important 
in the case where such theory leads to some meaningful 
physical results and, thus, deepens our understanding of 
physics. 

A notion of gravitational mass of a composite body 
is known to be non-trivial in general relativity and re- 
lated to the following paradoxes. If we consider a free 
photon with energy E and apply to it the so-called Tol- 
nian formula for gravitational mass [l|, we will obtain 
m^ = 2E/c'^ (i.e., two times bigger value than the ex- 
pected one) [4]. If a photon is confined in a box with 
mirrors, then we have a composite body at rest. In this 
case, as shown in Ref. '2|, we have to take into account a 
negative contribution to m^ from stress in the box walls 
to restore the Einstein's equation, m^ — E/c^. It is 
important that the later equation is restored only after 
averaging over time. A role of the classical virial theo- 
rem in establishing of the equivalence between averaged 
over time gravitational mass and energy is discussed in 
detail in Refs. [3|, [j] for different types of classical com- 
posite bodies. In particular, for electrostatically bound 
two bodies, it is shown that gravitational field is coupled 
to a combination 5K + 2U, where K is kinetic energy, U 
is the Coulomb potential energy. Since the classical virial 
theorem states that the following time average is equal 
to zero, (^2K + UY— 0, then we conclude that averaged 
over time gravitational mass is proportional to the total 
amount of energy 2, |4|] , 



{m3)= mi +1712 + {iK + 2U)Jc^ = E/c 



(1) 



The main goal of our Letter is to study a quantum 
problem about passive gravitational mass of a composite 
body. As the simplest example, we consider a hydro- 
gen atom in a weak gravitational field, where we take 
into account not only classical kinetic and Coulomb po- 
tential energies of an electron in the atom, but also the 
so-called relativistic corrections [a]. We claim two main 
results in the Letter. Our first result is that the equiva- 
lence between passive gravitational mass and energy sur- 
vives at a macroscopic level, if we take into account only 
non-relativistic kinetic and Coulomb potential energies 
couplings with an external gravitational field, due to the 
quantum virial theorem [6] . Our second result is that the 
above-mentioned equivalence survives even in the case 
where we take into account the relativistic corrections to 
an electron motion in the atom, due to more complex the- 
orem than the quantum virial one. We pay attention that 
both of the above-mentioned results are non-trivial. In- 
deed, below we define passive gravitational mass operator 
of an electron, ?7if , to be proportional to its weight opera- 
tor in a weak gravitational field. It is important that this 
gravitational mass operator of an electron occurs not to 
commute with its energy operator, taken in the absence 
of the field. Therefore, from the first point of view, it 
seems that the equivalence between passive gravitational 
mass and energy is broken. Nevertheless, using rather 
sophisticated mathematical theorems, we show that the 
expectation value of passive gravitational mass operator 
is < mf >= E[/c^ for stationary quantum states in a 
hydrogen atom, where E[ is the total electron energy of 
i-th atomic energy level, which includes the relativistic 
corrections. 

Let us use the so-called weak field approximation to 
describe spacetime far enough from some massive classi- 
cal body [7J, |8[ , 



ds' = -\l 



{cdtf 



1 



{dx^ +dj/ + dz^), 
GM 



where mi and m2 are bare masses of the above mentioned 
bodies. 



R 



,(2) 



where G is the gravitational constant, c is the velocity of 



light, M is a mass of the body, i? is a distance from it. 
Then, in the local proper spacetime coordinates. 



^' = (1-^J^' y' = [^-^)y^ 



z'=(l-J)z, t'= 1 + J)t, 



(3) 



the non-relativistic Schrodinger equation for electron mo- 
tion in a hydrogen atom can be approximately written in 
the following standard form: 



d'^ir' t') 



dt' 



Ho{p',r')=m,c^ 



PL 

2ni„ 



e 
77 



(4) 



where rrie and e are the bare electron mass and charge, 
respectively; r' is a distance between electron and pro- 
ton, p' = —ihd/dr' is electron momentum operator in 
the local proper coordinates. We stress that, in Eq.(4) 
and everywhere below, we disregard all tidal effects (i.e., 
we do not differentiate gravitational potential with re- 
spect to electron coordinates, r and r', corresponding to 
electron positions in the center of mass coordinate sys- 
tems). It is possible to show that this means that we 
consider a hydrogen atom as a point-like body and disre- 
gard all tidal terms in electron Hamiltonian. Note that 
the above mentioned tidal effects are usually very small 
and of the order of {rB/RoM/c^l ^ I0^^''\(t)/c^\ in the 
Earth's gravitational field, where tb is the so-called Bohr 
radius and Rq is the Earth's radius. 

Below, we treat the weak gravitational field (2) as 
a perturbation in an inertial coordinate system, corre- 
sponding to spacetime coordinates (x,y,z,t) in Eq.(3) 
[3|, |j| , and calculate the corresponding Hamiltonian: 

"2 2 / ^ 2 2\ ± 

Hoi(b,p,r)=m,c^ + ^ — +me(^+(3^ 2—]^, 

277ie r \ Zrrie r ) &■ 

(5) 

It is convenient to rewrite the Hamiltonian (5) in the 

following form: 



- 2 2 

i/o('/',P,r) = meC^ + -^- — +mf(^, (6) 



where we introduce passive gravitational mass operator 
of an electron: 



rrvi = TOe + 



-_ /c^+ 2-^-- /c^ (7) 
2mp r \ 2mp r ' 



which is proportional to its weight operator in the weak 
gravitational field (2). Note that, in Eq.(7), the first term 
corresponds to the bare electron mass, nie, the second 
term corresponds to the expected electron energy contri- 
bution to the gravitational mass operator, whereas the 



third non-trivial term is the virial contribution to pas- 
sive gravitational mass operator. It is possible to make 
sure [9| that Eqs.(6),(7) can be obtained directly from 
the Dirac equation in a curved spacetime, corresponding 
to the weak centrosymmetric gravitational field (2) (see, 
for example, [10[), if we disregard all tidal terms. 

Here, we discuss some important consequence of 
Eqs.(6),(7). It is crucial that the operator (7) does not 
commute with electron energy operator, taken in the ab- 
sence of the field. Therefore, it is not clear from the 
beginning that the equivalence between electron passive 
gravitational mass and its energy exists. To established 
the equivalence at a macroscopic level, we consider a 
macroscopic ensemble of hydrogen atoms with each of 
them being in a stationary quantum state with a defi- 
nite energy Ei. Then, from Eq.(7), it follows that the 
expectation value of electron passive gravitational mass 
operator per atom is 



< m= >= rrie + 
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(8) 
where the third term in Eq.(8) is zero in accordance with 
the quantum virial theorem |6j. Therefore, we conclude 
that the equivalence between passive gravitational mass 
and energy survives at a macroscopic level for station- 
ary quantum states, if we consider only pairings of non- 
relativistic kinetic and Coulomb potential energies with 
an external gravitational field. 

Below, we study a more general case, where the so- 
called relativistic corrections to an electron motion in a 
hydrogen atom are taken into account. As well known 
[5|, there exist three relativistic correction terms, which 
have different physical meaning. The total Hamiltonian 
can be written as 



where 



i/(p,r) = i^o(p,r)+i^i(p,r). 



7Ji(p,r)=ap4 + /3^3(j.)^^^^ 



with the parameters a, /3, and 7 being: 
1 



8m?c-^ 



, /3 = 



2to?c^ 
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2m?„(P' ' 



(9) 



(10) 



(11) 



[Here, 8'^{y) = 5{x)6{y)6{z) is a three dimensional Dirac 
delta-function.] Note that the first contribution in 
Eq.(lO) is called the kinetic term, the second one is the 
so-called Darwin term, and the third is the spin-orbital 
interaction, where L — —ih[r x d/dr] is electron angular 
momentum operator. In the presence of the weak grav- 
itational field (2), the Schrodinger equation for electron 
motion in the local proper spacetime coordinates (3) can 
be approximately written as 

th ^^; ' = [i?o(p', r') + i/i(p', r')]*(r', t'). (12) 



[Note that, as discussed above, we disregard everywhere 
all tidal terms.] 

By means of the coordinates transformation (3), the 
corresponding Hamiltonian in an inertial coordinate sys- 
tem (x,y,z,t) can be expressed as 



iJ(</),p,r) = [iJo(p,r) + iJi(p,r)] 1 + 4 



p^ e^ 



2top r 



+ 4ap'^ + 3l35^{r)+3j 
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For the Hamiltonian (13), passive gravitational mass op- 
erator of an electron can be written in more complicated 
than Eq.(7) form: 



to; = TOg + 



P "= . -a4 , «r3/ N , .^S-L ^ ^^2 



2m, 



+ ap^ + ^.^■'(r) + 7—— /c 



2-^ - - + 4ap4 + 3/?J^(r) + 37^ ) /c\ (14) 



Let us consider again a macroscopic ensemble of hydro- 
gen atoms with each of them being in a stationary quan- 
tum state with a definite energy _Ej', where E'^ takes into 
account the relativistic corrections (10) to electron en- 
ergy. In this case, the expectation value of the electron 
mass operator (14) per atom can be written as 



- a ^i 

< m% >= TOe H — ^ 



2_p1 _ f! + 4ap4 + 3/3^3 (r) + i^^\/c(lb) 



Below, we show that the expectation value of the third 
term in Eq.(15) is zero and, therefore, the Einstein's 
equation, related the expectation value of gravitational 
mass and energy, can be applied to stationary quantum 
states. Here, we define the so-called virial operator 6], 



G = 2(P'' + '^P) 



(16) 



and write the standard equation of motion for its expec- 
tation value: 

^^G^-^[i?o(p,r) + Hi(p,r),G]^, (17) 

where [A, B], as usual, stands for a commutator of two 
operators, A and B. If we consider only a stationary 
quantum state with definite energy, E'^, then the deriva- 
tive d < G > /dt in Eq.(17) has to be zero and, thus, 

/[JTo(p,r) + i/i(p,r),G]\=0, (18) 

where the Hamiltonians ifo(p,r) and 7Ji(p,r) are de- 
fined by Eqs.(4),(10). By means of rather lengthy but 



straightforward calculations it is possible to show that 



[iJo(p,r),G] _2.P' 



[/3^^(r),G] 
—ih 



2to.p 
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where we take into account the following equal- 
'6{xi). As directly follows from 



ity: 



dxi 



(13) Eqs.(18),(19), 



._P_ _ ^ + 4ap4 + ip5\v) + 37^ 
Zm„ r r^ 



0, (20) 



and, therefore, Eq.(15) can be rewritten in the Einstein's 
form: 



< TO« > = 



^2 • 



(21) 



Note that Eq.(21) directly establishes the equivalence 
between the expectation value of electron passive grav- 
itational mass and its energy in a hydrogen atom, in- 
cluding the relativistic corrections. We speculate that 
such equivalence exists also for more complicated quan- 
tum systems, including many-body systems with arbi- 
trary interactions of particles. These reveal and estab- 
lish the physical meaning of a coupling of a macroscopic 
quantum test body with a weak gravitational field. On 
the other hand, we pay attention that we have estab- 
lished the equivalence of passive gravitational mass and 
energy only at a macroscopic level, since we considered 
the expectation value of the electron mass. There exist 
claims llj, |12| | that the corresponding equivalence may 
be broken at a microscopic level. In addition, there has 
appeared a paper [13| , where it is shown that the equiva- 
lence principle between gravitational and inertial masses 
can be broken due to the Unruh and Hawking radiations. 
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